, and the computing speed of this method is also much faster than those of other methods.
I. INTRODUCTION
Elliptical waveguides have wide applications such as radar feed lines, multichannel communication and accelerator beam tubes. The determination of the cutoff wavelength of the elliptical waveguide is one of the most important problems for designing the waveguide or analyzing the wave propagation in the waveguide. In 1938, Chu [l] first presented the theory of the transmission of the electromagnetic waves in elliptical waveguide. Since then some more numerical results about the cutoff wavelengths in elliptical waveguide have been obtained [2] - [4] . In 1970, Kretzschmar [5] obtained the curves of the cutoff wavelengths for the 19 successive modes and the approximative formula for the eight lowest order modes. Recently Goldberg [6] calculated the cutoff wavelengths for the six lowest modes and gave a correction to the field pattern plotted in [l] . In fact, the determination of the cutoff wavelength of an elliptical waveguide is a problem of calculating the zeros of the modified Manuscript received October I, 1993; revised May 6, 1994 . the S. Zhang is with the Department of Information Physics, Nanjing Y. Shen is with the Chien-shiung Wu Laboratory, Southeast University, IEEE Log Number 9406788.
University, Nanjing 210008, China. Mathieu functions of the first kind, i.e., Se,(E,q) and Ce,(E,q), and their derivatives, where the two separate parameters c and q, as will be discussed in the following section, are related to the dimension size and cutoff wavelength of the elliptical waveguide respectively. In most of the previous work, the cutoff wavelength were determined by calculating the zeros E for a given q since it is much easier to determine the zeros E than the parametric zeros q of the functions.
However, it is not convenient to determine the eigenmode sequence for an elliptical waveguide with given ellipticity since a large number of calculations are required. Furthermore, it may also cause omission of the high order modes in eigenmode sequence since the succession of the various modes is a function of the ellipticity. Thus we need a more direct and convenient way to determine the eigenmode sequence for a given elliptical waveguide.
In this paper, the cutoff wavelength sequence is determined by directly calculating the parametric zeros q of the modified Mathieu functions of the first kind and their derivatives. The calculation are made on an IBM PC-386 using Bessel functions series. The first 100 successive modes are presented for eccentricities 0.1, 0.5 and 0.9. The curve fitting expressions for the determination of the cutoff wavelength of the 10 lowest order modes are given. The accuracy is for main mode TE,11, 3 x for other modes. The separate parameter q is defined as where a and e are the semi-major axis and ellipticity of the waveguide, w and @ are the wave frequency and phase constant, respectively. Using the method of separation of variables we can obtain the following solution for the wave equation
OUTLINE OF THE THEORY
In these equations, ce, and se, are ordinary even and odd Mathieu functions, while Ce, and Se, are corresponding modified Mathieu functions of the first kind and order m. We can see from (3) that the longitudinal components E, and H , have two different forms corresponding to even and odd modes. Hence, there are four different mode types in an elliptical waveguide, denoted as TM,,, TM,,, TE,, and TE,,. Where the first subscript c (cos-type) and s (sintype) represent even and odd modes, while the second subscript m is related to the order of the modified Mathieu functions of the first kind.
The tangent components of the electric field, which can be obtained from longitudinal components by applying Maxwell's Equations [4] , -2.61274057-..666902r1-..173694.'-1.uW16'+2.1687e1-l.87123e1 a, / a -1.49062515 -7.%272(1 -e)*" + 12.7149(1 -e)"' -2.78747(1 -e)"" 
B. Characteristic Value
It is clear from (4), (5) The other types of eigenmode sequence TM,,,,, T E , , , and TE,,, can be obtained through similar process. The eigenmode sequence of the elliptical waveguide with a given ellipticity can finally be determined by comparison. It is obvious from preceding discussions that no high order modes in the eigenmode sequence will be omitted by using this method. It should be pointed out that: the value of the parameter q will vary from lop3 to IO3 when lowest 100 modes with different ellipticity are considered. Therefore, a combination of bi-section and Regula falsi methods together with step-variable search method is necessary in order to calculate effectively the zeros of the modified Mathieu functions and their derivatives. 
Once b,, has been determined, the expansion coefficients can be easily obtained from (6) [4] [5]. Equation 7 is only valid for lower order m and larger value q. The instability of the conventional continued fractional method comes from the fact that one of the denominators of the continued fraction tends to be zero when q approaches to some special values. In order to get the exact characteristic values for larger m and smaller q, a modified continued fractional method is suggested as follow The combination of (7) and (8) 
C. Numerical Results
As a check of this method, we calculated 200 successive modes for elliptical waveguides with different ellipticities. Table. I lists the lowest 100 successive modes with ellipticities e = 0.1, 0.5 and 0.9. It is obvious from Table. I that the eigenmode sequence is a function of ellipticity, i.e., elliptical waveguide with different ellipticity has different eigenmode sequence. However, the main mode of the waveguide is always TE,11. The first high order mode is T E s 1 1 when e < 0.8546001 while it becomes TEc21 when e > 0.8546001.
As a large number of numerical calculation are required to determine the cutoff wavelength for a given mode and ellipticity, we presented here the curvefitting expressions for the determination of the cutoff wavelength of the lowest 10 order modes. The formulas for the different modes and their ranges of validity are given in Table  11 . Compared with previous works [5] , [7] , the expressions presented here have higher accuracy and are valid for wider range of ellipticity.
IV. CONCLUSION
We can conclude from above discussion that: 1) the modified continued fractional method suggested in this paper is suitable to calculate the characteristic values of the modified Mathieu functions with arbitrary order m and value q. 2) directly calculating the parametric zeros of the modified Mathieu functions of the first kind and their derivatives is an effective and easy way to determine the cutoff wavelength for a given elliptical waveguide, and ensures no omission of high order modes in the eigenmode sequence.
3) The normalized cutoff wavelength for the lowest 100 successive modes are presented, and the curvefitting expressions for the determination of the cutoff wavelength of the lowest 10 order modes are given, which have higher accuracy than previous calculations and are valid for wider range of ellipticity.
